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We consider the general chiral effective action which parametrizes the nonlinear realization of 
the spontaneous breaking of the electroweak symmetry with a light Higgs, and compute the one- 
loop ultraviolet divergences coming from Higgs and electroweak Goldstone fluctuations using the 
background field method. The renormalization of the divergences is carried out through operators 
of next-to-leading order in the chiral counting, i.e. of 0(p 4 ). Being of the same order in power 
counting, the logarithmic corrections linked to these divergences can be as important as the tree- 
level contributions from the 0(p 4 ) operators, and must be accounted for in the phenomenological 
analysis of experimental data. Deviations in the 0(p 2 ) (leading-order) couplings with respect to 
the Standard Model values, e.g., in the h —> WW coupling, would generate contributions from the 
1-loop chiral logarithms computed in this work to a vast variety of observables, which do not have 
a counterpart in the conventional electroweak effective theory with a linearly transforming Higgs 
complex doublet. 


INTRODUCTION 

The lack of experimental evidence of the new physics 
states predicted by many natural solutions to the elec¬ 
troweak (EW) symmetry breaking has brought an in¬ 
creasing interest in the analysis of possible deviations 
from the Standard Model (SM) using broader frame¬ 
works. Assuming there is a large energy gap between the 
EW scale v = 246 GeV and the new physics scale, a de¬ 
scription of the EW symmetry breaking (EWSB) in gen¬ 
eral terms is provided by an effective field theory (EFT) 
built from the presently known particle content, including 
a light Higgs scalar, and based on the spontaneous sym¬ 
metry breaking pattern of the SM: G = SU (2) l x SU(2)r 
breaks down to the custodial group H = SU(2)l + r, 
where SU(2)l x U(1)y C G is gauged and the three 
would-be Goldstone bosons ir a that arise from the spon¬ 
taneous EWSB give mass to the W ± , Z in the unitary 
gauge. 

The existence of an approximate custodial symmetry 
guarantees that the p-parameter corrections are small, 
the latter being originated from radiative corrections or 
(custodial-symmetry breaking) operators that are sub¬ 
leading in the EFT power-counting 0. Without loss of 
generality, the Higgs h will be taken to be a singlet un¬ 
der the full group G and the Goldstones are nonlinearly 
realized in our EFT approach Q; linear models with a 
Higgs complex doublet $ (e.g. the SM) are just a sub¬ 
set within the general class of nonlinear theories, as it 
is always possible to express <f> in terms of the singlet h 
and the nonlinearly realized Goldstones. Indeed, there is 
a vast variety of beyond-SM theories where the Higgs is a 
composite particle, typically a pseudo-Goldstone of some 
type, and shows the characteristic nonlinear interaction 


structure of this kind of particles (see the review 0 )- 

The framework described above shares many similar¬ 
ities with the low-energy limit of QCD, also ruled by 
the SU(2)l x SU(2)r chiral symmetry, and we can ex¬ 
pect that well-known aspects from QCD are reproduced 
in the nonlinear EW chiral EFT. In particular, we are 
interested in this work in the relevant role of the EW 
chiral logarithms arising from radiative corrections. We 
know from their QCD analogues that such contributions 
to one-loop amplitudes are in many cases as important 
as the tree-level contributions from higher dimension op¬ 
erators, due to the nonlinear structure of the Goldstone 
interactions (that is the case for instance in 7T7 t scattering 
in the scalar-isoscalar channel 0 )- 

Motivated by this fact, in this letter we study the ra¬ 
diative corrections coming from scalar boson loops (Higgs 
and EW Goldstones) within the framework of a nonlinear 
EW chiral Lagrangian including a light Higgs (ECLh). 
Ref. [§] computed the ultraviolet (UV) divergence at 
next-to-leading order (NLO) in the linear Higgs EFT. 
The present work complements that analysis and pro¬ 
vides the UV divergences and the renormalization for the 
nonlinear case at NLO in the low-energy chiral counting, 
i.e. at 0(p 4 ), where p denotes low-energy scales, either 
light-particle masses or momenta. The ECLh contains all 
the SM particles and it is expected to describe their in¬ 
teraction at energies much below the cut-off of the EFT, 
Aeclii, given by either the scale at which one encounters 
a new state or the energy where loop corrections turn 
too large to validate a perturbative expansion, naively 
Attv ss 3 TeV. 

Based on dimensional analysis it is possible to orga¬ 
nize a low-energy expansion of the amplitudes in pow¬ 
ers of low-energy scales p 00 and implement a chiral 
power counting in the nonlinear EFT Lagrangian 0®. 
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Renormalization is then carried out order-by-order in the 
low-energy expansion ji, 11 M- 

The one-loop effective action shows a series of UV di¬ 
vergences of higher dimension that require the inclusion 
of new operators in the Lagrangian, which are NLO in the 
chiral counting. While the precise value of the NLO cou¬ 
plings depends on the underlying physics, their running 
is fully determined by the leading order (LO) Lagrangian 
and its symmetry structure. Theoretical predictions that 
incorporate the latter operators must therefore account 
also for the logarithmic contributions in order to reach 
the percent accuracy level in the data analyses of next 
runs at present and future colliders 14|. Unless assump¬ 
tions about the physics underlying the ECLh are taken, 
such phenomenological studies must account in full gen¬ 
erality for the tree-level contributions from NLO opera¬ 
tors 10, |l5|, the running and the associated NLO loga¬ 
rithms (that are provided in this letter), and the NLO 
loop finite pieces [8, Ml, which vary from one observ¬ 
able to another. 


LOW-ENERGY EFFECTIVE THEORY 


At low energies the amplitudes can be then organized 
in terms of a chiral expansion in powers of the low-energy 
scales p. Analyzing the contributions from the effective 
operators to the amplitudes it is possible to establish 
a consistent (chiral) power counting for the ECLh La¬ 
grangian 1 8l-ll0j]. which is organized as 

C, = C.2 + C-i +..., ( 1 ) 


where C n contains terms that scale as 0(p n ). The LO 
Lagrangian is given by mUMM: 


C -2 = ‘ l —Fc( U^) + i( dfjh ) 2 - v 2 V 
+C Y m +iiptyip - v 2 (J s ), 


( 2 ) 


where (...) stands for the trace of the 2x2 EW tensors, 
Cym is the Yang-Mills Lagrangian for the gauge fields, D 
is the gauge covariant derivative acting on the fermions, 
and Js denotes the Yukawa coupling of the fermions to 
the Higgs and Goldstone fields defined below. The factors 
of v in the normalization of some terms are introduced 
for later convenience. Tc, V and Js are functionals of 
x = h/v , and have Taylor expansions 


Tc[x\ = 1 + 2ax + bx 2 + ..., Js[x\ = ^ Jg l ^x n /n \, 

n 

V[x] = m 2 h 0x 2 + ^d 3 x 3 + + ...^ , (3) 


given in terms of the constants a, b, rrih, etc. 

211, with Jg 1 ' 1 the n-th derivative with respect to h/v. 


In the nonlinear realization of the spontaneous EWSB 


the Goldstones are parameterized through the coordi¬ 
nates (ul,ur) of the SU( 2)l x SU(2)r/SU{2)l + r coset 
space [2J, with the unitary matrices ul.r being functions 
of the Goldstone fields 7r a which enter through the build¬ 
ing blocks 

= iv) R (d^ - irn)u R - iu\(d^ - il^u L , 

T U = \ U \i( d u “ ir u) u R + \ u l( 9 u - ^u) u l , 

=u[^u l ±u^u r , (4) 

where r — d v r^ — i\rn,r v \, and the left-hand 
counter part is defined analogously. The tensor Js is 
defined as 


J s — J Y rl + Jyrli 

Jyrl = 7^~ U R ^ '^ < Rdi ,< L U L i ( 5 ) 

V 2 v 

where ^r,l = ^(1 ± y 5 )'*/' and if) = ( t,b) T is the top- 
bottom SM 51/(2) doublet. The inclusion of additional 
doublets is straightforward and will be discussed later. 
The summation over the Dirac index a in i/Jri/r is 
assumed and its tensor structure under G is left im¬ 
plicit. The 2x2 matrix Y[h/v\ is a spurion auxiliary 
field, functional of h/v, which incorporates the fermionic 
Yukawa coupling, allowing the inclusion of explicit cus¬ 
todial symmetry-breaking terms 0|. 

The low-energy chiral counting of the building blocks 
is provided by the scaling {d ll ,r tl ,£ IJ ,,mh,w,z,ii>} ~ 0(p), 
{t t°/v, u LjR , h/v} ~ O(p 0 ), and ifj/v ~ 0(p 1/2 ) @,0- 
Accordingly, covariant derivatives must scale as the or¬ 
dinary ones and g,g',Y ~ 0(p/v). Since this implies 
T c ~ O(p 0 ), ~ 0(p) and J Y rl, Js , V ~ 0(p 2 ), 

the LO Lagrangian in Eq. d2j) is Q(p 2 ) and the one-loop 
corrections are formally 0(p A ) [6J- 10]. 

The transformations of the building blocks under G 
are given by 

h^h, Y^g R Yg\, u R/L -> g R/L u R/L g{ , 

r u 9Rru.gR + ig R du9R > 9l^9l + Wl^l > 

0^g h Ogl for O e{« M , Jyrl, J s , f± } , (6) 


where g R/L e SU{2) R/L , and g h £ SU{2) L+R is the 
compensating transformation of the Goldstone represen¬ 
tatives in the CCWZ formalism [2j. 

The SM is recovered by setting Tc = (1 + h/v) 2 , V = 
\Xv 2 [(l+h/v) 2 -l} 2 and Y = (1 + h/v) (y t P+ + ytP-), 
defined in terms of the SM Yukawa coupling constants y q 
and the projectors P± = (l±er 3 )/2 (cr a are the Pauli ma¬ 
trices). Other SM fermion doublets and the flavor symme¬ 
try breaking between generations can be incorporated by 
adding in Jyrl an additional family index in the fermion 
fields, i/ A , and promoting Y to a tensor Y AB in the gen¬ 
eration space [22|. 

In our analysis, r M , Y are spurion auxiliary back¬ 
ground fields that keep the invariance of the ECLh ac¬ 
tion under G. When evaluating physical matrix elements, 
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custodial symmetry is then broken in the same way as in 
the SM, keeping only the gau ge i nvariance under the sub¬ 
group SU(2) l x U{1) Y cGgiii: 


4 = 




-W^Cr a , 
2 ^ 


Y = y t P+ + y b P- , 


( 7 ) 


where fjt.b must be also understood as functionals of h/v. 
Notice that the Yukawa operators are still invariant under 
global G transformations if yt = y b - 


The quadratic fluctuation ■* reads 


£ 0 (a=) = _1 (AV 2 A ) + 1 (K; A] K,A]) 


+ 


P C 2 K (d 2 h 


O (d^h 


C°^ = ~e 


16 \ v 
1 . 


(A2) + 2 Jc (A 2Js) ’ 


d 2 -^(u^) + V" + (J^) 


£° (eA) = _ ( A)} + P C K( AJp } ,(11) 


EFFECTIVE ACTION AT ONE LOOP 


Our aim is to compute the one-loop UV divergences 
of the effective action by means of the background field 
method [23j| . We choose for the G/H coset representatives 
u l = u ^r 0 and perform fluctuations of the scalar fields 
(Higgs and Goldstones) around the classical background 
fields h and ul,r , respectively, in a way analogous to 
Ref. 0: 


ur.l = ur.l exp {±iF c 1/2 A/(2u)} , h = h + e , ( 8 ) 


in terms of K, = .A" 172 .^ and O = 2 /T C -{F' C /Fc) 2 ■ 
Through a proper definition of the differential operator 
dpf] = dpff+Ypfl, one can rewrite ^ in the canonical 
form 


C 


Ob) 2 ) 


= ~o y T (d^ + A)fj 


( 12 ) 


where d^ and A depend on h , ul,r and on the gauge 
boson and fermion fields. 

The C 2 (ri ^ term in the generating functional is just a 
Gaussian integral over the quantum fluctuations 77 , which 
can be performed with standard methods to provide the 
1-loop effective action [23|, |26|: 


with A = A a a a . Without any loss of generality we have 
introduced the factor Jq -, 172 in the exponent for later 
convenience; it will allow us to write down the second- 
order fluctuation of the action in the canonical form 0 ]. 

To obtain the one-loop effective action within the back¬ 
ground field method one retains the quantum fluctua¬ 
tions f/ r = (A a ,e) up to quadratic order [231 ]. 


C 2 = C 2 


op, 0 ) 


A 


o(P) 


C 


o( V 2 ) 


+ 0(rf ), (9) 


where 1 = C 2 [uL,R,h\. The tree-level effective ac¬ 
tion is equal to the action evaluated at the classical solu¬ 
tion, / d d xA c ’( J? °\ where / d d x£^’ f denotes the LO 
contribution in the chiral expansion. The background 
field configurations h and ul,r correspond to the solu¬ 
tions of the classical equations of motion (EoM), defined 
by the vanishing of the linear term C 2 ^ for arbitrary fj. 
They read 

= -2Jp/T c - Upd^lnTc), 

d 2 h/v=\p' c {u ll u»)-V' - (J' s ), (10) 

with J p = i(J Y R L — Jyrl) and the covariant derivative 
V M - = dp + [T^, •]. Here and in the following, we abuse 
of the notation by writing the background fields u^ and 
h as u^ and h for conciseness. 




= 2 tr lo S (' d ^ + A), 


(13) 


where tr stands for the full trace of the operator, also 
in coordinate space. One can then extract the residue 
of the l/(d — 4) pole in dimensional regularization using 
the Schwinger-DeWitt proper-time representation of the 
operator in Eq. (fl3l) and the heat-kernel expansion [23j: 


S u = - A / d d x Tr <| yY,,vY ,lv + \ + finite 


= - A / d d x ^2 TfcOfc + finite, 


(14) 


with A = [167r 2 (d — 4)] _1 /i d_4 . The divergence is deter¬ 
mined by the non-derivative quadratic fluctuation A and 
the differential operator d M through Yp V = [d^dj,] = 
dpYv — d v Yfx + Y v \. and we note that both A and Yp V 
are 0(p 2 ) in the chiral counting. In Eq. (1141) Tr refers to 
the trace over the 4x4 operators that act on the fluc¬ 
tuation vector fJ T = (A,,e). The basis of local operators 
Ok that covers the space of one-loop divergences contains 
purely bosonic terms (given in Table [T]) and operators in¬ 
cluding fermions (discussed later in Eq. ([Tcfll h For the 
UV-divergent part of the effective action we have a chi¬ 
ral expansion in powers of p similar to that for the EFT 
Lagrangian in dTJ : £ U ’°° = £. 2 ’°° + 00 + ... 

The UV divergences with the structure of the C 2 op- 
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Ck 

Operator Ok 

r k 

Tfc.o 

Cl 



— ^(1 — a2 ) 

(C2 - C3) 


^T 2 -A) 

— 5(1 — o 2 ) 

C4 

(« P U„) (ti'V') 

M (^ 2 - 4 ) 2 

fi(l — O 2 ) 2 

C5 

(u ^) 2 

jgz(/C 2 ~ 4) 2 + j^gT^Q 2 

g(a 2 - b ) 2 + ^(1 - a 2 ) 2 

C 6 

(u u u u } 

V 

Jgfl(/C 2 — 4 ) — JgT crfl 2 

— ^(a 2 — b)( 7 a 2 — b — 6 ) 

C 7 

V 

^T c n 2 

g (a 2 — b ) 2 

C 8 

\{dph)(d»h){d v h)(d I 'h) 

V 


2 (a 2 - b ) 2 

eg 

(d,h) {ruv) 

^T’ c il 

— ga(a 2 — b) 

C 10 

\UTf+»« + f-f-p V ) 

-^(/C 2 + 4 ) 

-^(1 + o 2 ) 


TABLE I. Purely bosonic operators needed for the renormalization of the NLO effective Lagrangian £4. In the last column, 
we provide the first term T^o in the expansion of the Tfc in powers of ( h/v ) by using Tc = 1 + 2ah/v + bh 2 /v 2 + Q(h 3 ) 
(no further term is needed). The first five operators Oi have the structure of the respective ai Longhitano operator [TlL 2] 
(with i = 1...5). In addition, c% = Tm, C 7 = Tds and cs = Jon in the notation of Ref. 0 - The last operator of the list, 
0 \0 = 2(r M „r Ml ' +£ M i/^“'), only depends on the EW field strength tensors and its coefficient is labeled as C 10 = H 1 in the 
notation of Ref. 0|. 


erators in Eq. m are given by 


1 *lt , OO 


= -A 


?bV‘ fA 


T c 


(4-r)-W 


3 T' c V'Vt (d tI h 


8 T c 


( u ) 

3 K? 


2 ^Ut c 


+ [v"(Js)-^f(r s ) 


(V) 

(15) 


where we define Tg = Tq 1 (Js — T' c J' s /2). These UV 
divergences are cancelled out through the renormaliza¬ 
tion of the various parts of £ 2 : the couplings in the Tc 
term (1st line); the Higgs kinetic term (1st term in 2nd 
line), which requires a NLO Higgs field redefinition; the 
coefficients of the Higgs potential, e.g. the Higgs mass 
(2nd bracket in 2nd line); the Yukawa term couplings in 
Y (3rd line). 

The 0(p 4 ) divergences £ 4 ^’°° are split here into two 
types, according to whether they include fermion fields 
or not. The purely bosonic 0(p 4 ) divergences /^’“Ibos 
are summarized in table [U where we provide the factors 
Tfe = Tk[h/v] corresponding to each 0(jp 4 ) operator Ok 
in the effective action. 

The structure of 0(p 4 ) UV divergences with fermion 
field operators is slightly more involved: 


^°°|ferm = -A<! < 


d,,h 


T 2 \ T C Q „ w M \ 

— - 1 Us- ^~J S ) ( u u m> 


1 


d„h 


+-H(Ts) HH +^n(T P un -e- 


+^(Js> 2 + ^( r s ) 2 + ^(2(r|)-(Tp) 2 ) |. (16) 


with T P = J'p — T c 1 T' c J P /2. 

Any operator not listed in Eqs. (fl5l) and (flGl) and Ta¬ 
ble E is not renormalized at one-loop by scalar boson 
loops. In the SM limit one finds fl = 0, K, = 2 and 
Jg = Ts,p = 0, so all the £ 4 ^ 00 operators in Eq. (fl6l) 
and Table Q] vanish but for Tfg* = —1/6, which turns 
out to be independent of the Higgs field and is absorbed 
through the renormalization of g and g' in Cym ■ Further¬ 
more, apart of Cym, only the non-derivative operators 
(the Yukawa term and Higgs potential) get renormalized 
due to the scalar loops in the SM limit. 


RENORMALIZATION 


In order to have a finite 1-loop effective action the di¬ 
vergences in Eq. (1141) are canceled by the counterterms 

£ ct = ^ Cfc eu, (17) 

k 


with the renormalization condition cj, = c r k + AT*. . 

The Tfe’s have a Taylor expansion of the form 
r k[h/v\ = Y,n l 'k,n(h/v) n /n\, and similarly, c k [h/v\ = 
J2 n c k,n{h/v) n /n\. The couplings of 0(p 4 ) operators not 
present in Eqs. m and m do not get renormalized 
by scalar loops. This leads to the renormalization group 
equations for the 0(p 4 ) coefficients, 


9 In H 16-7T 2 ’ 


(18) 


Physically, this means that the NLO effective couplings 
will appear in the amplitudes in combinations with log- 
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arithms of energy scales E in the form 


M 0 (p4) °c 



167T 2 



E 4 . 


(19) 


As it is well known from Chiral Perturbation Theory, the 
size of these logs is not known a priori and can even be 
more dominant than the 0(p 4 ) finite pieces. For instance, 
in QCD for p ~ M p , the logarithms in the pion vector 
form-factor are numerically subdominant in comparison 
with the tree-level contributions, whereas one finds the 
opposite behavior in 7 T 7 t production in the scalar-isoscalar 
channel. There is a priori no reason to neglect the run¬ 
ning of the coefficients in the ECLh Lagrangian when 
confronting the experimental data against the (nonlin¬ 
ear) effective description of EWSB. 

In Table Q] we have given the T^ that provide the 
full renormalization of the purely bosonic £4 Lagrangian 
for an arbitrary number of Higgs fields. In the last col¬ 
umn one can find their contributions with the minimal 
number of Higgs fields, Tfc.o = T^fO], which we have 
used as a check of our results. In the Tc = 1 limit 
(a = b = 0) we recover the running of the Higgsless 
EW chiral Lagrangian 11, [lij]. Part of our results for 


the 1 -loop running have been already determined in the 


general ECLh case in WW, ZZ, hh -scattering ( 04 , 0 ,..., 
C 8 ,o) El and 77 -scattering and related photon processes 
(ci,o, C 2 ,o — 03 , 0 ) 0- Although the corresponding experi¬ 
mental analyses are limited so far by statistics and yield 
very loose constraints on these couplings |2 t1 I 20 I , their ac¬ 
curate determination or the feasibility to set more strin¬ 
gent bounds in the future requires a careful control of 
these 0(p 4 ) loop corrections. 

Since the operators proportional to and 

A llv Z ,lv are only contained in the combination A C = 
(ci/4 + cio/2)( f+pv ) C £ 4 , the NLO couplings that 
describe the vertices h —> 77 and h —> jZ are renor¬ 
malization group invariant, as was already found in 0 
and [H, respectively. As ri/4-t-Pi 0 /2 = — 1/12 is in¬ 
dependent of h , a similar thing applies to 77 and 7 Z 
vertices with more Higgs fields ( 77 , 7 Z —> hh, hhh ...). 

Deviations from the SM at LO (e.g., by having a value 
a ^ 1 in Tc, that modifies the hWW coupling) would 
also imply the appearance of the four-fermion UV diver¬ 
gences in Eq. (USD, and thus the contribution of the as¬ 
sociated chiral logarithms to flavor-changing neutral cur¬ 
rent processes. In addition to the usual bounds on the 
corresponding four-fermion couplings, the study of these 
transitions may set strong constraints on the LO cou¬ 
plings in nonlinear Higgs EFT. 

Let us finally observe that the Higgs potential gets di¬ 
vergent corrections proportional to {V') 2 and (V") 2 , i.e. 
proportional to m^, that could be relevant in the study 
of the stability of the Higgs potential, a subject beyond 
the scope of this letter. 

This article has been focused on the 1-loop contribu¬ 
tions of SM scalar particles and the induced renormaliza¬ 


tion at NLO in the chiral counting. Because scalars cou¬ 
ple derivatively in nonlinear EW models, the scalar loops 
are the only source of NLO divergences that scale like the 
fourth power of the external momenta, (ft) 4 , e.g. c% in Ta¬ 
ble |U The fermionic operators in ^^““Iferm in (fl6l) scale 
as (ft ) 3 and (ft ) 2 (recall that the fermion field scales as 
the square root of the external momenta 00 El) , with 
the remaining powers of p given by the fermion masses 
in our computation. An analogous thing happens with 
the £2 renormalization in Eq. m the operators therein 
formally scale like 0(p 4 ) but, since they are proportional 
to V' or V", at least two of the powers of p are actually 
m 2 . On the other hand, contributions from gauge bosons 
and fermions inside the loop, which are not included in 
this work, will produce UV divergences of order (ft ) 3 and 
(ft) 2 , as these particles couple non-derivativcly and pro¬ 
portionally to the g and g' gauge couplings and Yukawas 
yt,b (be., proportionally to the gauge boson and fermion 
masses.) The computation and analysis of the latter is 
postponed to future work. 
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